In this paper, we introduce a study of prolongations of representations of Lie groups. We obtain a faithful (one-to-one) representation of T G where G is a finite-dimensional Lie group and T G is the tangent bundle of G, by using (not necessarily faithful) representations of G. We show that tangent functions of Lie group actions correspond to prolonged representations. We prove that if two representations are equivalent, then their prolongations are equivalent too. We show that if U is an invariant subspace for a representation, then T U is an invariant subspace for the prolongation of the given representation and vice versa. We prove that if Φ is an irreducible representation, then Φ is also an irreducible representation. Finally we show that prolongations of direct sum of two representations are direct sum of their prolongations.
Introduction
In this paper, we present a study of prolongations of representations of Lie groups. A representation denoted by (G, V ) on a Lie group G can be defined as a homomorphism from G to a automorphism group of a finite-dimensional vector space V .
It is known that if Φ : G → Aut(V ) is a one-to-one (faithful) representation, then Φ(G) is a matrix group and isomorphic to the original group G [5] . This helps us to represent G as a matrix Lie group [5] . The main benefit of such representations is that it is easier to execute algebraic operations/computations on a matrix Lie group than a standard Lie group. In general, a prolongation prolongs structures of manifolds to their bundles. In this paper, we are interested in studying prolongations of representations of Lie groups to their tangent bundles.
In 1966, K. Yano and S.Kobayashi proposed the following question: Is it possible to associate each G-structure on a smooth manifold M with a naturally induced G ′ -structure on the tangent bundle T M where G ′ is a certain subgroup of GL(2n, R) [10] ? In 1968, Morimoto gave an answer to this question [6] . In [6] , first a vector space structure with a new sum and scalar product on T R n (the tangent bundle of R n ) is introduced and generalized to an arbitrary finite-dimensional vector space V [6] . Then T (GL(n, R)) was embedded into GL(2n, R) by using the following Lie group homomorphism J n : T (GL(n, R)) → GL(2n, R).
Using this Lie group homomorphism, Morimoto finds an association between each G-structure on a smooth manifold M and a naturally induced J n (T G)-structure on T M. Although our research is not direct result of Morimoto's study, his work provided us important insights such as using the vector space structure on T R n and the Lie group homomorphism J n leaded us to following important findings: We show that the bundle trivialization of T V is a linear isomorphism from T V to V × R n . Then using this isomorphism, we obtain a basis for T V . Based on these, we define the following new one-to-one representation Φ :
where Φ : G → Aut(V ) is a finite-dimensional real representation and Φ is a prolongation of the representation Φ to the tangent bundle T G (refer to Section 3). In addition, we show that if ρ is a group action corresponding to the representation Φ, then T ρ is a group action that corresponds to the prolonged representation Φ. Using these, we prove that if two representations are equivalent, then their prolongations are also equivalent. We show that if U is an invariant subspace for Φ, then T U is an invariant subspace for Φ and vice versa. We prove that if Φ is an irreducible representation, then Φ is also an irreducible representation. We note that if Φ is an irreducible representation, then Φ is not necessarily an irreducible representation (refer to Section 3). Finally, we show that prolongations of direct sum of two representations are direct sum of their prolongations.
Background
In this section, we present the following basic definitions and theorems that will be used in Section 3.
Definition 2.2. If we consider a coordinate neighborhood U in M with a local coordinate system {x 1 , x 2 , ..., x n }, then we can canonically define a local coordinate system
Definition 2.3. If we consider two tangent vectors X ∈ T x (R n ) and Y ∈ T y (R n ), then the tangent bundle T (R n ) is a vector space of dimension 2n with respect to the following sum "⊕" and the scalar multiplication "•"
where τ x represents a translation of R n by x ∈ R n and σ λ represents a the scalar multiplication by λ ∈ R. For any finite-dimensional vector space V , the tangent bundle T (V ) becomes a vector space with respect to the similar sum and the scalar multiplication. If f :
is also a linear map [6] .
is a tangent vector of GL(n) at its unit element (e ∈ GL(n)), namely B ∈ Lie(GL(n)).
Conversely, for any pair a ∈ GL(n) and B ∈ Lie(GL(n)), there exists
Theorem 2.5. T (GL(n, R)) can be embedded into GL(2n, R) by the following one-to-one Lie group homomorphism
for any a ∈ GL(n) and B ∈ Lie(GL(n)). It can be shown that
Remark 2.6. The matrix that corresponds to a linear operator F ∈ Aut(V ) with respect to a fixed basis,
th entry of the matrix that corresponds to the linear map F . Using (2.4), we can define the following group isomorphism
Moreover, F can be written as
Another group isomorphismZ from Aut(T V ) to GL(2n) can be defined similar fashion.
′ is a one-to-one Lie group homomorphism.
Remark 2.8. Let (ȳ i j ) : Aut(V ) → R n 2 and (y i j ) : GL(n, R) → R n 2 be coordinate functions of Aut(V ) and GL(n, R) respectively, then the coordinate representative of Z is I R n 2 . Thus (ȳ 
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Proposition 3.1. Let V and W be arbitrary finite-dimensional real vector spaces of dimensions n, m and f : V → W be a linear map, then the tangential map T f : T V → T W is a linear function. Moreover if f is a linear isomorphism, then T f is also a linear isomorphism.
Proof. The proof is similar to [6] .
n be the bundle trivialization of the tangent bundle T V . Then ψ is a linear isomorphism with respect to the both vector space structure on V × R n and the structure on T V defined in Definition2.3.
Proof. Since ψ is a bundle trivialization, it is by definition one-to-one and onto. Therefore, showing that ψ is a linear function will complete the proof.
where
are a global coordinate functions with
, and r i ∈ R. Since p i 1 's are constants for each i ∈ {1, 2, ...., n}, we have
On the other hand, using (x i • σ c • ξ −1 )(r) = cr i with c ∈ R, we get
Using (3.5) we get
Using (3.3) and (3.4) we get
Furthermore, using (3.6) we have
(3.7) and (3.8) indicate that ψ is a linear function. This ends the proof.
Corollary 3.3. If {α i : 1 ≤ i ≤ n} is a basis for V and {e i : 1 ≤ i ≤ n} is the standard basis for R n , then we can define a basis for T V by using bundle trivialization ψ.
Proof. Let us defineᾱ
n and y i = (0, e i ) ∈ V × R n for ∀i ∈ {1, 2, ..., n}. Then by definition η = {ᾱ i , y i : 1 ≤ i ≤ n} is a basis for V × R n . Since ψ is a linear isomorphism, then
is a basis for T V .
Proof. Let Φ = (G, V ) : G → Aut(V ) be an n-dimensional real representation, J n be a one-to-one homomorphism defined by equation (2.3) , and Z,Z be isomorphisms defined in Remark 2.4. From Proposition(2.7). T Φ is a one-to-one homomorphism. Using this, we can define a one-to-one homomorphism as
Since T V is a 2n-dimensional vector space, then (T G, T V ) is a 2n-dimensional faithful representation.
Definition 3.5. The representation Φ defined in the proof 3.4 is referred to as the prolongation of Φ to T G. Remark 3.6. For the representation Φ and its prolongation Φ (Eqn. 3.9), we have the following
, and Y p ∈ T V .
Proposition 3.7. Let ρ be a group action for (G, V ). Then T ρ is a group action that corresponds to (T G, T V ).
Proof. Since ρ is a group action for (G, V ), we have ρ : G × V → V with ρ(a, p) = Φ(a)(p) for all (a, p) ∈ G × V . Now, let us define the following mappings
(3.12) Using (3.12) we get (x j • ρ) = n t=1 y t j .x t . From this we have
(3.13)
Since T ρ(X a , Y p ) is a tangent vector at ρ(a, p), then we can write
(3.14)
Using the right translation of Φ(a) and (3.12), we have
where f ∈ Aut(V ). Taking the partial derivative of (3.15), we get 
If we rewrite (3.14) using (3.17), then we obtain
that shows that T ρ is a group action for Φ = (T G, T V ).
Proposition 3.8. If (G, V ) and (G, V ′ ) are two equivalent representations, then their prolongations (T G, T V ) and (T G, T V ′ ) are equivalent too.
Proof. Let (G, V ) and (G, V ′ ) represent group homomorphisms Φ : G → Aut(V ) and Φ ′ : G → Aut(V ′ ) together with the corresponding group actions ρ and ρ ′ . Since (G, V ) and (G, V ′ ) are equivalent, there exists a linear isomorphism A : A(p) ) for all a ∈ G and p ∈ V . Then we have
Using equations (3.19) and (3.14), we get
′ is a linear isomorphism from Proposition(3.1). and satisfies (3.20) , then by definition (T G, T V ) and (T G, T V ′ ) are equivalent.
Proposition 3.9. U is an invariant subspace for Φ if and only if T U is an invariant subspace for Φ.
Proof. Let U be a k-dimensional invariant subspace for Φ. This means that for all p ∈ U, Φ(a)(p) ∈ U. On the other hand, since Φ(X a ) is a linear isomorphism for all
Conversely, let us assume that T U is an invariant subspace for Φ. For all a ∈ G and p ∈ U, there exists a tangent vector Y p ∈ T U and X a ∈ T G. Since T U is an invariant subspace for Φ, we have Φ(X a )(Y p ) ∈ T U and
This indicates that Φ(a)(p) ∈ U therefore U is an invariant subspace for Φ.
Corollary 3.10. If Φ is an irreducible representation, then Φ is an irreducible representation too.
Proof. Let Φ be an irreducible representation and W be an invariant subspace for Φ. By Proposition(3.9), T W is an invariant subspace for Φ. Since Φ is irreducible, T W = T V or T W = {0} which implies that W = V or W = {0}. Therefore Φ is an irreducible representation.
Notice that the converse is not true due to the following counter example: Let us consider
where (a, b) ∈ S 1 and (x, y) ∈ R 2 . It can be easily shown that Φ is an irreducible representation. However, its prolongation Φ is not an irreducible representation since {(0, 0, x, y)|x, y ∈ R} ⊂ R 4 = T R 2 is a nontrivial invariant subspace for Φ.
Corollary 3.11. The prolongation of direct sum of two representations is the direct sum of prolongations of those two representations.
Proof. Let us consider two finite-dimensional real representations Φ 1 , Φ 2 together with corresponding group actions ρ 1 , ρ 2 and their direct sum Φ 1 ⊕ Φ 2 . Let P r 1 and P r 2 represent first and second Cartesian projection of G × (V 1 ⊕ V 2 ) respectively i.e., P r 1 (a, (v 1 , v 2 )) = a and P r 2 (a, (v 1 , v 2 )) = (v 1 , v 2 ). Also let pr 1 and pr 2 represent first and second Cartesian projections of
Using equation (3.22 ) and chain rule, we have
, (P r 1 , pr 2 • P r 2 ))), = (T (ρ 1 ) × T (ρ 2 )) • ((T (P r 1 ), T (pr 1 ) • T (P r 2 )), (T (P r 1 ), T (pr 2 ) • T (P r 2 ))). Since the tangent functions of the first and second Cartesian product projections are also first and second Cartesian product projections and using 
Conclusion
In this study we have prolonged finite-dimensional real representations of Lie groups. We have obtained faithful representations of tangent bundles of Lie groups. We have shown that tangent functions of Lie group actions correspond to prolonged representations. We have proven that if two representations are equivalent then their prolongations are also equivalent. We have shown that if U is an invariant subspace for a representation, then T U is an invariant subspace for prolongation of given representation and vice versa. We have proven that if Φ is an irreducible representation, then Φ is also an irreducible representation. Finally we have shown that prolongations of direct sum of two representations are direct sum of prolongations of them. In future we plan to study on prolongations of representations of Lie algebras.
